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Abstract 

Due to the application of architected materials in different aspects of acoustic and structural 

engineering, a great deal of effort has been devoted to study wave propagation in such struc-

tures. In the current manuscript, the effect of adding auxiliary resonators on the wave attenua-

tion performance of square and triangular architected structures is investigated. The struc-

tures are modelled using finite element method and the wave propagation analysis is per-

formed using the Bloch’s theorem. Moreover the effect of resonator orientation on the fre-

quency range and width of the stop-bands is also investigated. It is found that using auxiliary 

resonators can lead to stop-bands of local resonance (LR) nature in the frequency ranges, in 

which, the conventional structures are unable to attenuate wave propagation. Moreover, 

changing the orientation of the resonators, the dispersion curves can be altered and the stop-

bands can be tuned. The results of the current manuscript can introduce resonator orientation 

as another degree of freedom in designing architected materials with tunable wave attenua-

tion performance. 

Keywords: architected materials; wave propagation; finite element method; Bloch’s theorem.  

1. Introduction 

Architected materials are man-made structures with fascinating properties which cannot be 

achieved by natural materials. Their phenomenal characteristics range from enhanced mechanical 

characteristics [1] and negative Poisson’s ratio [2] to wave filtering and vibration mitigation [3], as 
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well as acoustic and wave directionality [4]. Such extraordinary properties have placed architected 

materials among the most potent candidates for novel applications in different engineering aspects. 

One of the most exquisite properties of architected materials is their ability to stop the propa-

gation of coming waves in certain frequencies, called stop-bands, while allowing others to pass. 

This has brought about a myriad of applications for architected materials in acoustic and structural 

engineering. In addition to the improved wave filtering performance of architected materials, their 

tenability is another important factor for their various applications in different parts of engineering. 

More specifically, the dynamic properties of architected lattice materials depends on the geometry 

of the structure, as well as the material properties of its constituting elements. As a result, a great 

number of efforts have previously been made to tune the dynamic properties of the lattices by 

changing the geometry [5]. 

Conventionally, there are two major mechanisms for exhibiting stop-bands. The first one is 

the Bragg scattering mechanism [6], in which, the destructive interference between the propagating 

waves and the geometry of the periodic materials is responsible for the attenuation of the waves. 

Such stop-bands are usually formed when the wavelength is of the order of the lattice spacing of the 

architected material. Therefore, such mechanism is unable to produce low-frequency stop-bands in 

architected materials. This major shortcoming drew a lot of attention to the second type of stop-

bands, known as local resonance (LR) [7]. Contrary to the Bragg scattering mechanism, in locally 

resonant architected materials, wave attenuation occurs due to the energy localization in the resona-

tors. It was previously shown that the LR stop-bands are formed at much lower frequencies, com-

pared to Bragg stop. Therefore, numerous applications were found for such structures. 

There are a number of factors, which can affect the performance of local resonators and 

hence; lead to the modulation of stop-bands. In previous years, scientists have been working on 

controlling the wave attenuation performance of architected materials by modulating the local reso-

nators using passive or active methods. Geometrical specification of the resonators has been an im-

portant factor in controlling the wave attenuation performance. Approaches such as using FGM 

resonators [8], tapered local resonators, and hierarchical structures have been previously taken to 

achieve enhanced LR wave attenuation and phononic crystals with the ability to exhibit stop-bands 

in pre-defined frequency ranges. In 2012, Liu et. al. [9] proposed a novel LR square lattice with the 

ability to exhibit LR stop-bands. In this research the authors added symmetric local resonators to a 

planar square metamaterial, which was initially unable to provide low-frequency stop-bands and 

generated low-frequency LR stop-bands. Moreover, they also investigated the stop-band frequency 

range for different geometrical parameters of the resonator. While their effort proved to be very 

valuable, they did not consider the resonator angle and its effect on the dispersion curves.  

In this paper, we study the effect of resonator angle on the dispersion curves of augmented ar-

chitected materials with square and triangular topologies. The numerical modelling is performed 

using finite element method and Bloch’s theorem is utilized to investigate the wave propagation in 

2D lattices. Additionally, the influence of resonator orientation on the dispersion curves and wave 

attenuation performance of the lattices are studied with the aim of further tuning the frequency 

range and width of the stop-bands in LR lattices. 

2. Mathematical Modelling 

In the current manuscript, the lattices are made by assembling beams of specified geometrical 

properties. Namely, the two well-known structures of square and triangle are chosen for the present 

article. 
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2.1 Finite Element Modelling 

Each lattice is assumed to be made of Euler-Bernoulli frame elements, which has three de-

grees of freedom at each node (two translational ( , )u x t and ( , )v x t ) and one rotational ( , )x t ), as 

shown in Fig. 1.  

 

Figure 1. An Euler-Bernoulli frame element with three degrees of freedom at each node. 

 

The equation of motion for and Euler-Bernoulli frame element is illustrated as: 

[M]{ } [K]{ } 0q q   (1) 

in which, 1 1 1 2 2 2{ } { , , , , , }Tq u v u v  is the acceleration vector, 1 1 1 2 2 2{ } { , , , , , }q u v u v  is the dis-

placement vector and [M] and [K] are the mass and stiffness vectors, respectively, defined as: 
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with  and E being the density and elastic modulus of the constituent beams. Furthermore, 
2A a  is the cross-sectional area and 4 4I a is the second moment of inertia of the cross-section. 

Eq. (1) describes the motion of a single beam element in the local coordinates. Therefore, in 

order to obtain the equation of motion for a unit cell, local coordinates need to be transformed to the 

global coordinates and then be assembled. The governing equation of motion for a unit cell can the 

be described as: 
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r r[M ]{ } [K ]{ } 0r rq q   (4) 

In which, r is the number of degrees of freedom for each unit cell. 

 

2.2 Bloch’s Theorem 

Bloch’s theorem is a periodicity-based technique to facilitate the investigation of wave propa-

gation in periodic structures. According to this theory, the displacement of each point inside any 

unit cell of a periodic lattice can be described as a function of its counterpart inside a reference unit 

cell. As a result, using Bloch’s theorem, the wave propagation analysis in a periodic structure can 

be carried out considering only one unit cell, instead of the whole lattice. 

Fig. 2 (a) and (b) illustrates the unit cells of locally resonant square and triangle structures, re-

spectively, as well as their direct vectors ( , )
1 2

a a , along which, the periodic structure is formed by 

tessellating the unit cell. This way, the position vector of a point inside the unit cell in the cell in-

dex 1 2( , )m m , i.e., R is expressed in terms of the position vector of the reference unit cell, Ri, as: 

1 2m m  
i 1 2

R R a a  (5) 

Hence, according to the Bloch’s theorem, the displacement of a point with position vector R 

can be expressed as: 
1 2( ) ( )

( ) ( ) ( )
m m

q q e q e
   

 i 1 2κ R R κ a a

i
R R R  (6) 

In the preceding equation, κ is the wave vector, whose components in a1 and a2 directions are 

denoted by 1k  
1

κ a and 2 2k  κ a . Accordingly, Eq. (6) is expressed as 

1 1 2 2( ) ( )
k m k m

q q e


R R  (7) 

The wave vectors are defined in the reciprocal space corresponding to each of the investigated 

lattices. The reciprocal vectors (b1,b2) are defined as: 

i j ija .b = δ  (8) 

where ijδ is the Kronecker’s delta. Due to the periodicity of the reciprocal lattice, the defini-

tion of the wave vectors can be restricted to the primitive unit cell of the reciprocal lattice, named 

the First Brillouin zone. Furthermore, previous studies have shown that the extrema of the bands 

usually occur along the edges of the irreducible part of the First Brillouin zone, a.k.a, the irreducible 

Brillouin zone. Fig. 2 (a) and (b) depict the IBZ of the square and triangular lattices as the area sep-

arated ny the dashed line and the orange area, respectively. 

Utilizing Eq. (7) in Eq. (4), the dispersion relation of the unit cell in the reduced coordinate 

can be expressed as: 
2

1 2 1 2( ( , ) ( , )){ } 0Rk k k k K M q  (9) 

in which 1 2( , )k kK and 1 2( , )k kM are the reduced stiffness and mass matrices and {q}R is the 

reduced displacement vector. The provided dispersion relation is an eigenvalues problem with three 

unknowns, namely 1 2, ,k k  , which can be solved numerically. 
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(a) (b) 

Figure 2. The unit cell, first Brillouin zone and irreducible Brillouin zone of (a) LR square lattice, and (b) 

LR triangular lattice. 

3. Results 

The eight first dispersion curves of a square lattice with local resonators are illustrated in Fig. 

3 (a). For obtaining the dispersion curves, the materials is assumed to be made of aluminium, with 

the elastic modulus E = 70 GPa and density ρ = 2700 kg/m3. Moreover, the slenderness ratio of 

each constituent beam (length-to-radius) is taken to be 30. Also, the angle θ is assumed to be π/4 

and the frequencies are presented in a normalized form as /   , where is the first flexural of 

a hinged-hinged beam of a constituent beam with length L, elastic modulus E, and density ρ, de-

fined as 2
4

EI
mL

  , where m is the mass per unit length of the beam. 

 It is observed in this figure that, unlike the conventional square lattice, a LR-square lattice 

exhibits a stop-band in the normalized frequency range of [0,9]. More specifically, as illustrated in 

Fig. 3 (a), a LR square lattice with resonator angle π/4 can attenuate the wave in the frequency 

range of [8.7,8.9]. Furthermore, the flat upper branch of the stop-band (the 9th dispersion branch) is 

an indication of the LR nature of this stop-band. 

The aim of the present paper is to tune the wave attenuation characteristics of the LR stop-

bands by changing the resonator angle θ. The effect of resonator angle θ on the upper band, lower 

band and the width of this stop-band is illustrated in Fig. 3 (b) and (c), for different scenarios. More 

specifically, Fig. 3 (b) illustrates the evolution of the first three stop-bands of the LR square lattice 

as the four resonator angles change simultaneously. It is observed that by increasing the angle θ 

from zero to a critical value of π/4, the 7th dispersion branch is formed in lower frequencies, while 

the 8th branch exhibits a robust behavior against changes in the resonator angle. As a result the 

width of the LR stop-band increases. However, after the critical value of θ= π/4, the effect is re-

versed and further increase in the angle of four resonators lead to the formation of this branch at 

higher frequencies, therefore reducing the stop-band width. Using similar deductions, the width of 
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the second LR stop-band increases at first (when the angle is changed from θ = 0 to θ = π/4), but 

later starts to decrease, as the angle increases from θ = π/4 to θ = π/2. The third stop-band, howev-

er, is susceptible to a more visible change in width, as the change in its lower-band is more abrupt. 

More specifically, while the upper band of the third stop-band undergoes a slight change as the an-

gle θ changes, the lower band increases abruptly, leading to the convergence of the lower and upper 

bands at θ = 7π/32. Therefore, the stop-band disappears and the waves are passed through the struc-

ture for the whole normalizes frequency range of [0,10]. It should be noted that due to the symmetry 

of the square unit cell, the evolution diagram (Fig. 3 (b)) is also symmetric; i.e., the behavior of the 

evolution diagram for 0 / 4   is reversed for / 4 / 2   . It should be noted that the third 

stop-band is generally wider than the first two, since it is of Bragg scattering nature. 

Moreover, a finer control over the frequency range of the stop-bands can be applied by chang-

ing the angle of only one of the resonators. This effect is demonstrated in Fig. 3 (c), where all the 

resonators are kept at a fixed position and one of them is rotated. It is shown that as the angle of the 

resonator R1 is increased, the first stop-band starts to get narrower. Conversely, the width of the 

second stop-band decreases, on the account that the upper band decreases monotonically, while the 

lower band stays almost constant. The third stop-band is also shown to be formed for angles more 

that θ = 7π/32. Once again, the third stop-band is wider than the first and second ones. 

 

 
(a) 

  
(b) (c) 

Figure 3. (a) Dispersion curves of a LR square lattice, as well as the evolution of first three stop-bands as a 

function of the resonator angle θ, when (b) all resonators rotate simultaneously, and (c) only resonator R1 

rotates. 

Similar effort is carried out for the LR triangular lattice, whose unit cell and Brillouin zones 

are depicted in Fig. 2 (b). Interestingly, the conventional triangular lattice exhibits a LR stop-band 
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on its own, and implementing the auxiliary resonators, another LR stop-band can be generated in 

such lattices. The stop-band corresponding to the conventional triangular lattice is shown as a blue 

area in Fig. 4 (a), while the one stemmed from the auxiliary resonators is shown in red. 

It is obvious that the LR stop-band which is the result of energy localization in the primary el-

ements of the triangular lattices are independent of the resonators angle, θ. This is clearly visible in 

Fig. 4 (b) and (c), where the evolution of the LR stop-bands is depicted for the resonator angle in [0, 

π/3] range. Investigating Fig. 4 (b) and (c), it is seen that θ has no prominent effect on the width of 

the stop-band, as this stop-band is shown to cover the frequency range of [2.30, 2.55] regardless of 

the angle θ. However, the resonator angle θ can effectively tune the width of the second LR stop-

band through modulating the sixth dispersion branch. According to Fig. 4 (b), the maximum fre-

quency of the sixth branch of the dispersion curve is increased from the normalized frequency of 

7.24  at θ = 0 to 7.49  at θ = π/3, therefore decreasing the stop-band width from 1.06   

to 0.89  . In contrast to the LR square lattice, the effect of resonator angle on the stop-bands is 

not symmetric for the triangular lattice, in the case where all the resonators rotate together. On the 

other hand. For the case, where only the resonator R1 rotates, the second LR stop-band is also inde-

pendent of the resonator angle θ. This observation is clear from Fig. 4 (c). Also, similar to the LR 

square lattice, a third stop-band is also formed which is of the Bragg scattering nature. However, 

unlike the square lattice, this third stop-band is narrower than the two LR ones. 

 

 
(a) 

  
(b) (c) 

Figure 4. (a) Dispersion curves of a LR triangular lattice, as well as the evolution of first three stop-bands as 

a function of the resonator angle θ, when (b) all resonators rotate simultaneously, and (c) only resonator R1 

rotates. 
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Careful investigation of Figs. 3 and 4 elaborates that adding auxiliary resonators can exhibit 

LR stop-bands in periodic lattices, which are otherwise incapable of attenuating waves. Further-

more, changing the orientation of the auxiliary resonators can manipulate the frequency range and 

width of this LR stop-bands and exhibit wave attenuation in prescribed frequencies. 

4. Conclusion 

In the present manuscript, the effects of auxiliary local resonators and their orientation on the 

wave attenuation characteristics of LR square and triangle lattices are investigated. Finite element 

method is utilized in conjunction with the Bloch’s theorem in order to model the wave propagation 

in periodic lattices. It was found that adding auxiliary resonators to conventional triangular and 

square lattices can lead to an enhanced wave attenuation performance in such lattices and filtering 

waves in frequency ranges where they were unable to exhibit wave filtering. Furthermore, by tuning 

the orientation of the resonators, the frequency range of the stop-bands, as well as their width can be 

modulated. 

Results of the current manuscript introduces the orientation of the resonators as a new degree 

of freedom for designing architected materials with tunable wave attenuation performance. Merging 

the findings of the current paper with the previous results on the effects of other geometric parame-

ters on the wave filtering capabilities of architected materials, a better understanding of the attenua-

tion performance of lattices can be reached, which puts us one step closer to the ultimate goal of 

designing lattices with predefined stop-band frequencies. 
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