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Abstract 

A two-dimensional gradient-index phononic crystal (GRIN PnC) of steel cylinders in an 

ethanol matrix was designed and simulated for 6a   at room temperature. The hyperbolic 

secant profile of the refractive index is obtained by changing the scatterers radius of the 

structure in the transverse direction to gradually refract the waves. The finite element method 

is used to calculate the effective refractive index in each row of the structure and to investigate 

the propagation of acoustic waves in the gradual medium. With the help of gradient structure 

equations, the analytical beam trajectories were obtained and compared with the wave 

propagation results. The effect of temperature on the first band and thermal adjustment of the 

focal point for 0°C and 50°C have been investigated. The obtained results show that it is 

possible to shift the focal point at a certain frequency due to the changes of the effective 

refractive indices of the cylinders in the transverse positions for the calibration applications. 

Keywords: Phononic crystal lens; Hyperbolic secant profile; Thermal tuning; Focal point shift.   

1. Introduction 

Phononic crystals are the periodic structures of scatterers in a matrix for controlling and 

manipulating mechanical waves, first introduced in 1993 [1, 2]. The main focus at first was due to 

the band gap at a  ; in this frequency range, waves were not allowed to pass into the structure and 

the structure acts like a great mirror. Controlling the propagation of waves in linear media is important 

because it allows the design of waveguide [3], beam splitters [4], switches [5], multiplexers [6], sensor 

applications [7], frequency filters [8], cloaking devices [9, 10], acoustic and elastic lenses [11-16], 

and applications of phononic crystals in acoustofluidics [17-19]. The topological transport of elastic 

wave in phononic crystal provides potential in information processing, reinforcing nondestructive 

testing (NDT), and high sensitivity sensing [20-23]. Cervera et al. had presented a phononic crystal 

of an aluminum cylinder in air, which allowed sound waves to be refracted [11]. They also found the 

relationship between sound velocity and filling ratio; as the filling ratio increases, the speed of sound 

in the crystal decreases. Hakanson introduced a flat acoustic lens with the same material, in which 
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the cylinders were genetically positioned so that maximum sound could be obtained at the focal point 

[12]. 

It has been shown that flat phononic crystals lenses show negative refraction in partial phononic 

band gaps, where PnCs have high anisotropy that can be used to design acoustic lenses but have a 

limited operating range [24, 25]. Gradient-index (GRIN) structures were studied first for acoustic 

waves [25] and then for elastic waves [26]. These structures can be implemented by geometric 

changes such as gradual changes in the filling ratio of scatterers [13, 14, 27], the variation in the 

lattice constant while keeping the size of scatterers [28, 29], angular changes in the scatterers [30, 

31], the thickness of the slabs [32], and also by gradual changes in material properties [26, 33]. The 

structure that Torrent presented for acoustic waves consisted of 9-layer slab of gel and rigid cylinders 

in air [25] and the choice of materials was such that the highest impedance matching was achieved 

between the scatterers and the matrix material. Lin et al. then proposed a gradual structure for elastic 

waves that used gradual material changes [26]; the frequency range obtained in this work was greater 

than structures with negative refraction. Lenses with a positive refractive index work in the first pass 

band and have been noted for their easy fabrication of flat phononic crystal. However, phononic 

crystal lenses were introduced for the designable focal length in the second pass band where the equal 

frequency contours (EFCs) move inwards, which indicates a negative group velocity [34]. 

Many studies have been presented on different methods for tuning the band gap of phononic 

crystals, and apply heat to the structure is one of these methods. Here, by changing the radius of the 

scatterers, a two-dimensional gradient-index phononic crystal is designed so that the effects of 

temperature can shift the focal point. In section 2, the theoretical background will be presented. Its 

design principles are presented in section 3 and with the help of the finite element method, the band 

diagram of unit cell and also the wave propagation inside the structure are shown. Finally, the effects 

of temperature on the structure as well as the focal length are discussed.  

2. Theoretical Background 

There are two approaches to PnC lens design: positive and negative refract. In this paper, 

positive refract and gradient-index profiles are used. Parabolic profiles are used in optical lenses, but 

in hyperbolic secant profile, due to non-approximation, the focal point has less aberration [26]. For 

this two-dimensional structure, the refractive index profile in transverse direction is defined as [26]:  

 max( ) sech( )n y n y  (1) 

where nmax is the refractive index in the middle of the lens, which is the maximum refractive index 

and θ is the gradient coefficient: 

 1 max

min

1
cosh ( )

n

h n
   (2) 

here h is half the height of the lens and nmin is the refractive index at the edge of the lens. According 

to Snell's law, the waves were bent to the maximum refractive index to converge at a focal point. The 

waves begin to propagate in parallel on the other side. The path of the propagating waves inside this 

GRIN structure can be solved as follows [36]: 

 1

0 0

1
( ) sinh [ ( ) ( )]f ay x u H x u H x



   (3) 

where u0 is the hyperbolic space at x = 0, 0u is the derivative of u0 with respect to x, and ( )
f

H x  and 

( )aH x  are the positions of axial and field rays. The trajectory of the waves inside the GRIN structure 

is determined according to Eq. (3) and the focal length can be calculated [26]: 
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A 2D GRIN phononic crystal is an example of a discrete structure in transverse direction that 

each row can be considered as a homogeneous and isotropic media [26]. This discrete structure is 

realized by gradually changing the radii of the scatterers; then the effective refractive index is 

calculated for each scatterers’s radius and according to Eq. (1) a refractive index profile can be 

designed. The effective refractive index at a specified frequency is calculated as follows [26]: 

 
2

eff

n n
n  

  (5) 

where nГX and nГM are refractive indices along the ГX and ГM directions (high symmetry points of 

PnC band structure), respectively [26]: 

 ,X

X

C C C C
n n

v v kk 
 

  

   
  

 (6) 

where v is the group velocity in different directions and C is the sound velocity in a matrix material.  

In the next section, First, the large and small radii of the cylinders as well as half the height of 

the lens (i. e. h) are determined in order to obtain a profile for the refractive index according to the 

Eq. (1), then the closest refractive indices (corresponding radius) will be calculated with the help of 

Eq. (5) and Eq. (6). 

3. Design Procedure 

Each unit cell contains steel rods in ethanol and material parameters at room temperature are 

given in Table 1. By defining the reduced frequency as fa C  (where f is the frequency, a is the 

lattice constant of the PnC and C is the sound velocity in matrix material) the structure was designed 

for  0.17 , which corresponds to wavelength 6a   . 

Table 1. Material properties of the proposed phononic crystal lens at 25°C. 

 

Steel 

 

 3g cm  
 

 

( )E GPa  
 

  

7.870  215 0.3 

 

Ethanol 

 

 3g cm  
 

 

 C km s  

 

 

0.785  1.14  

 

The first pass band for the selected radii is shown in Fig. 1. It is important to note that the 

presented lens has a positive refract ( 0.17 ). 
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Figure 1. The band diagram for different rows that have different radii of the GRIN PnC 

As can be seen, the radii increases (from 0.1r a  to 0.42r a ), first band comes to lower 

frequencies, which increases the refractive index (decreases the group velocity) at reduced frequency 

of 0.17 . The refraction of the wave can be conveniently visualized with the EFC; for an isotropic 

medium the EFCs are perfect circles since the magnitude of the wave vector is independent of the 

direction of propagation [39]. 

4. Simulation Results 

The final structure consists of 60 layers in the x direction and 19 rows in the y direction and the 

lattice constant was set as 7 mm is shown in Fig. 2, as can be seen, the radius towards the edge of the 

lens is decreasing. To analyse the ability of the lens to manipulate waves and focus them, the 

propagation of waves in a two-dimensional space was obtained using the FE numerical method 

(COMSOL Multiphysics). The entire domain was surrounded by absorbent at the boundaries to avoid 

reflections in the simulation domain and a line source was placed at left side of the structure. 

 

Figure 2. 3D schematic view of a GRIN phononic crystal lens 

According to Eq. (4), with increasing gradient coefficient, the focal point shifts to lower places, it is 

also found that the gradient coefficient and frequency are directly related, so with increasing 

frequency, θ increases (see Fig. 3(a)). 
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Figure 3(b) and (c) shows the numerical simulation for propagation of acoustic waves that 

pressure is normalized to its maximum value. At 0.17 , the beam trajectory calculated from Eq. 

(3) and it is shown in Fig. 3(b). 

 

Figure 3. (a) The focal length of GRIN PnC lens versus the reduced frequency. Numerical simulation of FE 

for propagation of acoustic waves in gradient-index structures at a reduced frequency of (b) 0.17  and 

(c) 0.1 . The black line in (b) show the beam trajectory  

According to Fig. 3(b), the plane waves of a linear source located in 5a  are gradually refracted to 

focus at 24a , this corresponds to the value of theory 2 24.15    with 0.0650  . The acoustic 

pressure field at the focus spot is more than 2.9 times higher than the incident wave. Figure 3(c) shows 

the propagation of waves at frequency 0.1  that the waves gradually bend toward the center and 

focus in 29a , which corresponds to the value of the theory. 

5. Thermal Tuning 

By examining the effect of temperature on the structure, the possibility of shifting the focal 

point for temperatures of 0°C and 50°C by applying heat to the matrix material is investigated. Note 

that at the investigated temperatures the effect on steel is small and can be ignored. In Ref. [40], the 

dependence of sound speed and mass density of ethanol on temperature has been investigated.  

 

Figure 4. The band diagram at different temperatures for 0.42r a  

Figure 4, plotted for 0.42r a  at three different temperatures, shows that as the temperature 

increases, the first band shifts to lower frequencies; in other words, by increasing or decreasing the 

temperature at a certain frequency, a different refractive index can be obtained. As a result, the 
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hyperbolic secant profile of the refractive index will have different gradient coefficient at different 

temperatures. Figure 5(a) shows the simulation results at 0°C for the design frequency, where the 

focal point corresponds to the theoretical value. 

 

(a) 

 
(b) 

Figure 5. Numerical simulation for propagation of acoustic waves in gradient-index structures at a 

reduced frequency of 0.17   for (a) T = 0°C and (b) T = 50°C 

It was observed that as the temperature decreased, the focus point shifted upwards. To increase the 

temperature by as much as 25°C, find that the focal point shifts downwards as shown in Fig. 5(b).  

6. Conclusions 

In this paper, a two-dimensional phononic crystal lens with a gradient index was designed and 

simulated to refract sound waves and converge them at a focal point. Due to high anisotropy at high 

frequencies, the structure was designed for 6a  . The refractive index profile obtained from the 

hyperbolic secant relation causes minimal aberration in focal length. Then, with the help of the effects 

of temperature on the first band, the possibility of shifting the focal point was investigated. The finite 

element method has been used to numerically simulate the structure.   
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